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Abstract
We prove that for every tree T = (V ,E) of diameter D3 there is a set S ⊆ V with |S| = D − 1 and a mapping st : S → N
such that for every vertex v ∈ V there is exactly one vertex u ∈ S whose distance to v equals st(u). This settles a conjecture of Dror
et al. [Some results in step domination of trees, Discrete Math. 289 (2004) 137–144].
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In a graph G= (V ,E), a set S ⊆ V with a mapping st : S → N0 is a step-dominating set if for every vertex v ∈ V
there is exactly one vertex u ∈ S whose distance to v equals st(u). Dror et al. [3] studied step-dominating sets in trees
and conjectured that every tree admits a step-dominating set of size O(D), where D is the diameter of the tree. We
prove this conjecture in Theorem 1 below and make some additional remarks on the structure of step-dominating sets
in trees in Theorem 2. For further results on this concept see [1,2,4].
Theorem 1. If T = (V ,E) is a tree of diameter D3, then there is a set S ⊆ V with |S| = D − 1 and a mapping
st : S → N such that for every vertex v ∈ V there is exactly one vertex u ∈ S whose distance to v equals st(u).
Before giving the proof let us ﬁx some notation. Let T = (V ,E) be a tree of diameter D and let P =u0u1 · · · uD be a
longest path in T. Let dist be the distance function in T, and for every u ∈ V let Ni(u)= {v ∈ V | dist(u, v)= i}. With
every vertex v ∈ V we can associate a pair (i, j) of coordinates such that ui is the closest vertex to v on the path P and
j = dist(ui, v). Several vertices may have the same coordinates, and we let Vi,j be the set of vertices with coordinates
(i, j). Let mi = min{i,D − i} for i = 0, . . . , D. It is easy to see that the sets Vi,j with 0 iD and 0jmi form a
partition of V.
Proof of Theorem 1. Let P = u0u1 · · · uD be a longest path in T.
If D = 3, then let S = {u1, u2} and st(u1) = st(u2) = 1.
If D = 4, then let S = {u0, u1, u2}, st(u0) = 4 and st(u1) = st(u2) = 1.
If D = 5, then let S = {u0, u2, u3, u5}, st(u0) = st(u5) = 5 and st(u2) = st(u3) = 1.
If D = 6, then let S = {u0, u2, u4, u5, u6}, st(u0) = 5, st(u2) = 1, st(u4) = 4, st(u5) = 1 and st(u6) = 4.
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IfD7 is odd, withD=2d+1, then let S={u0, u1, . . . , uD}\{ud, ud+1}, st(u0)=st(u2d+1)=5, st(u1)=st(u2d)=6,
st(u2) = st(u2d−1) = 1 and st(ui) = st(u2d+1−i ) = i + 3 for 3 id − 1.
IfD8 is even, withD=2d , then let S={u0, u1, . . . , uD}\{ud−1, ud}, st(u0)=5, st(u1)=6, st(u2)=1, st(ui)=i+3
for 3 id − 2, st(u2d) = 4, st(u2d−1) = 1 and st(u2d−i ) = i + 2 for 2 id − 1.
We claim that the set S and the mapping st : S → N deﬁned above have the desired properties. Clearly, |S|=D − 1.
We say that u covers each vertex of Nst(u)(u). For 3D6 we leave it to the reader to verify the desired properties
and we proceed to the case D7.
Suppose D7 is odd, with D = 2d + 1. Then, considering the coordinate sets Vi,j (0 iD, 0jmi) with
respect to P it is easy to see that
Nst(u2)(u2) = V1,0 ∪
⋃
{Vi,j | i + j = 3},
Nst(u0)(u0) =
⋃
{Vi,j | i + j = 5},
Nst(u1)(u1) =
⋃
{Vi,j | i + j = 7},
Nst(uk)(uk) =
⋃
{Vi,j | i + j = 2k + 3} for 3kd − 1,
Nst(u2d−1)(u2d−1) = V2d,0 ∪
⋃
{Vi,j | i − j = 2d − 2},
Nst(u2d+1)(u2d+1) =
⋃
{Vi,j | i − j = 2d − 4},
Nst(u2d )(u2d) =
⋃
{Vi,j | i − j = 2d − 6},
Nst(u2d+1−k)(u2d+1−k) =
⋃
{Vi,j | i − j = 2(d − k − 1)} for 3kd − 1.
Thus, every vertex with coordinates (i, j) such that i+j is odd is covered exactly once by a vertex from {u0, . . . , ud−1},
and everyvertexwith coordinates (i, j) such that i+j is even is covered exactly onceby avertex from {ud+2, . . . , u2d+1}.
This completes the proof when D7 is odd.
Now, suppose D8 is even, with D = 2d . Then, considering the coordinate sets Vi,j (0 iD, 0jmi) with
respect to P it is easy to see that
Nst(u2)(u2) = V1,0 ∪
⋃
{Vi,j | i + j = 3},
Nst(u0)(u0) =
⋃
{Vi,j | i + j = 5},
Nst(u1)(u1) =
⋃
{Vi,j | i + j = 7},
Nst(uk)(uk) =
⋃
{Vi,j | i + j = 2k + 3} for 3kd − 2,
Nst(u2d−1)(u2d−1) = V2d,0 ∪
⋃
{Vi,j | i − j = 2d − 2},
Nst(u2d )(u2d) =
⋃
{Vi,j | i − j = 2d − 4},
Nst(u2d−k)(u2d−k) =
⋃
{Vi,j | i − j = 2(d − k − 1)} for 2kd − 1.
Thus, every vertex with coordinates (i, j) such that i+j is odd is covered exactly once by a vertex from {u0, . . . , ud−2},
and every vertex with coordinates (i, j) such that i+j is even is covered exactly once by a vertex from {ud+1, . . . , u2d}.
This completes the proof when D8 is even. 
The next theorem shows that, if the tree is “general” enough and a step-dominating set S lies in a longest path of
length D, then D − 1 |S|D + 1 and the structure of the induced partition is quite forced.
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Fig. 1. Case (i) of Theorem 2.
Fig. 2. Case (iii) of Theorem 2.
Theorem 2. Let T = (V ,E) be a tree of diameter D7 and let P = u0u1 · · · uD be a longest path in T. Suppose that
for every 1 iD − 1 the set Vi,mi is not empty, and that there is a step-dominating set S ⊆ {u0, u1, . . . , uD} with
st : S → N0. Then, up to the symmetry exchanging ui with uD−i for 1 iD, one of the following ﬁve cases occurs:
(i) D is even and (see Fig. 1)
{Nst(u)(u) | u ∈ S} = {Ni(u2) | 1 iD − 3, i is odd} ∪ {Ni(uD−1) | 1 iD − 1, i is odd}.
(ii) D is even and
{Nst(u)(u) | u ∈ S} = {Ni(u1) | 0 iD − 2, i is even} ∪ {Ni(uD−1) | 1 iD − 1, i is odd}.
(iii) D is odd and (see Fig. 2)
{Nst(u)(u) | u ∈ S} = {Ni(u2), Ni(uD−2) | 1 iD − 2, i is odd}.
(iv) D is odd and
{Nst(u)(u) | u ∈ S} = {Ni(u1) | 0 iD − 1, i is even} ∪ {Ni(uD−2) | 1 iD − 2, i is odd}.
(v) D is odd and
{Nst(u)(u) | u ∈ S} = {Ni(u1), Ni(uD−1) | 0 iD − 1, i is even}.
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Proof. We will only consider the case of even D = 2d and leave the other case (which is analogous) to the reader.
By the assumption, for every 1 iD − 1 there is a vertex ui,j ∈ Vi,j for each 1jmi , and uiui,1 · · · ui,mi is a
path in T. 
Claim 1. If ui ∈ S with st(ui)mi , then st(ui) ∈ {0, 1}.
Proof. For contradiction, we assume that ui ∈ S with 2st(ui)mi . There is a vertex uj ∈ S with j = i and
dist(uj , ui,st(ui )−2) = st(uj ).
Clearly, if j < i, then
dist(uj , ui−1,st(ui )−1) = st(uj ) and dist(ui, ui−1,st(ui )−1) = st(ui),
and if j > i, then
dist(uj , ui+1,st(ui )−1) = st(uj ) and dist(ui, ui+1,st(ui )−1) = st(ui).
In either case some vertex is covered twice. This contradiction proves the claim. 
It follows immediately from Claim 1 that for every vertex ui,j with 2 iD − 2 and 2jmi the unique vertex
uk ∈ S with dist(uk, ui,j ) = st(uk) satisﬁes st(uk)>mk .
Considering the vertex ud,d , we may assume, by symmetry, that there is a vertex ui ∈ S with id +1 and st(ui)= i.
Claim 2. For every 0jd − 2 there is a vertex ui ∈ S with id + 1 + j and st(ui) = i − 2j .
Proof. We prove the statement by induction on j. For j = 0 the statement corresponds to the assumption made just
before Claim 2.
Now let j1. There is a vertex ui ∈ S with dist(ui, ud+j,d−j ) = st(ui).
By Claim 1, i = d + j . If id + j − 1, then dist(ui, ud+(j−1),d−(j−1)) = st(ui) which implies a contradiction to
Claim 2 for j − 1. Thus id + 1 + j and st(ui) = i − 2j . 
If there is a vertex ui ∈ S with id and st(ui)= i −1, then Claim 1 implies id +1 and a similar argument as used
for Claim 2 yields that for every 0jd−3 there is a vertex ui ∈ S with id+1+j and st(ui)= i−1−2j . Together
with Claim 2, this would imply the existence of (d−1)+(d−2)=2d−3>d distinct vertices in {ud+1, ud+2, . . . , u2d}
which is a contradiction.
Hence, there is a vertex ui ∈ S with id − 1 and st(ui) = D − i − 1. Again, a similar argument as used for Claim
2 implies that for every 0jd − 3 there is a vertex ui ∈ S with id − 1 − j and st(ui) = D − i − (2j + 1).
Note that almost all sets of the partitions described in (i) and (ii) are determined. Considering the three vertices u1,
u2,1 and u3 and the three vertices uD−2, uD−1,1 and uD one easily sees that (i) or (ii) holds. We leave the details to the
reader. 
The constructions in the proof of Theorem 1 show that Cases (i) and (iii) in Theorem 2 can indeed be realized by
appropriate step-dominating sets and the reader should note that the remaining cases are also realizable. For Case (ii)
in Theorem 2, for instance, consider D8 even, with D = 2d, and let S = {u0, u1, . . . , uD}\{ud−1, ud}, st(u0) = 3,
st(u1)= 0, st(ui)= i + 1 for 2 id − 1, st(u2d−1)= 1, st(u2d)= 4, st(u2d−i )= i + 2 for 2 id − 1. Realizations
for the remaining two cases are left to the reader. It would be interesting to see in which way the statement of
Theorem 2 would have to be changed if one drops the assumption that S lies within a longest path.
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